Stieltjes Polynomials
A system of polynomials fE n+1 g which satisfy the orthogonality condition Z b a P n (x)E n+1 (x) x k h(x) dx = 0; k = 1; : : :; n;
where for the weight function h we have h 0, 0 < R b a h(x) dx < 1, with nite moments h n = R b a x n h(x) dx.
fP n g is the system of orthogonal polynomials associated with h. The degree of E n+1 is equal to its index n + 1. The orthogonality conditions de ne E n+1 up to a multiplicative constant, but the conditions for h given above are not su cient for E n+1 having real zeros which lie in a; b]. However, several special cases and classes of weight functions h are known for which the zeros of the corresponding Stieltjes polynomials do not only have this property, but also interlace with the zeros of P n . A simple example is a; b] = ?1; 1], h(x) = p 1 ? x 2 , P n (x) = U n (x), the Chebyshev polynomial of the second kind, where E n+1 (x) = T n+1 (x), the Chebyshev polynomial of the rst kind. For h(x) = (1 ? x 2 ) ?1=2 , P n (x) = T n (x) and E n+1 (x) = (1 ? x 2 )U n?1 (x An important fact for the analysis of the Stieltjes polynomials E n+1 is their close connection with the functions of the second kind Q n associated with P n and h. Stieltjes 1] proved that E n+1 is precisely the polynomial part of the Laurent expansion of Q n ] ?1 . Szeg os work in 9] and subsequent investigations are based on this connection. The zeros of Stieltjes polynomials are used for quadrature and for interpolation. In particular, the often used Gauss-Kronrod quadrature formulas are based on the union of the zeros of P n and E n+1 and enable an e cient estimate for the Gauss quadrature formula based on the zeros of P n . This idea has been carried over to extended interpolation processes. For h 1, adding the zeros of E n+1 improves the interpolation process based on the zeros of P n to an optimal order interpolation process 3] (see also extended interpolation process).
